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LIE ALGEBRAS OF DIFFERENTIAL OPERATORS I:
EXTENSIONS
HELGE O¨YSTEIN MAAKESTAD
Abstract. The aim of this note is to introduce the notion of a D-Lie algebra
and to prove some elementary properties of D-Lie algebras, the category of
D-Lie algebras, the category of modules on a D-Lie algebra and extensions
of D-Lie algebras. A D-Lie algebra is an A/k-Lie-Rinehart algebra equipped
with an A ⊗k A-module structure and a canonical central element D and a
compatibility property between the k-Lie algebra structure and the A ⊗k A-
module structure. Several authors have studied non-abelian extensions of Lie
algebras, super Lie algebras, Lie algebroids and holomorphic Lie algebroids
and we give in this note an explicit constructions of all non-abelian extensions
a D-Lie algebra L˜ by an A-Lie algebra (W, [, ]) where L˜ is projective as left
A-module and W is an A ⊗k A-module with IW = 0 for I the kernel of the
multiplication map. As a corollary we get an explicit construction of all non-
abelian extensions of an A/k-Lie-Rinehart algebra (L, α) by an A-Lie algebra
(W, [, ]) where L is projective as left A-module.
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1. Introduction
The aim of this note is to introduce the notion of a D-Lie algebra. A D-Lie
algebra is an A/k-Lie-Rinehart algebra equipped with an A⊗k A-module structure
that is compatible with the k-Lie algebra structure. The construction is modeled
on the module of first order differential operators Diff1(A): There is a canonical
map
pi : Diff1(A)→ Derk(A)
defined by pi(D) := D−D(1). The pair (Diff1(A), pi) is an A/k-Lie-Rinehart algebra
equipped with a canonical right A-module structure on Diff1(A) coming from the
inclusion map Diff1(A) ⊆ Endk(A). It follows Diff
1(A) is an A ⊗k A-module in
a canonical way and this structure satifies a certain compatibility property with
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respect to the Lie structure. For any D-Lie algebra we may consider the underlying
A/k-Lie-Rinehart algebra by forgetting the A⊗k A-module structure.
The aim of this note is to consider extensions of D-Lie algebras. In the litterature
one may find a treatment of the notion of non-abelian extensions of Lie algebras,
Lie algebroids and holomorphic Lie algebroids (see [3],[4], [14] and [19]).
In the main Theorem of the paper (Theorem 3.25) I do the following. Let
(L˜, α˜, p˜i, [, ], D) be a D-Lie algebra where L˜ is projective as left A-module, and
let (W, [, ]) be an A-Lie algebra with aw = wa for all a ∈ A and w ∈ W . Let
S(L˜, (W, [, ])) denote the set of all triples s := (∇s, ψs, w˜) where ∇s : L˜→ Derk(W )
a connection and ψs : ∧
2L˜ → W a 2-cocycle satisfying the following property
(property P): R∇(x, y) = [ψ(x, y),−] and d
2
∇
(ψ) = 0. Assume w˜ ∈ W is an element
with ψ(D,−) = d0
∇
(w˜) and ∇(D)(−) = ad(−w˜). Let two triples s := (∇s, ψs, ws)
and t := (∇t, ψt, wt) be equivalent if there is a morphism b ∈ HomA(L˜,W ) such
that
∇t(x) = ∇s(x) + [b(x),−]
ψt(x, y) = ψs(x, y) + d
1
∇s
(b)(x, y) + [b(x), b(y)]
and
wt = ws − b(D).
Let ext1(L˜, (W, [, ])) := S(L˜, (W, [, ]))/ ≡. Let Ext1(L˜, (W, [, ])) denote the set of
equivelance classes of extensions of the D-Lie algebra L˜ with the A-Lie algebra
(W, [, ]) modulo isomorphism of extensions. The main theorem is as follows:
Theorem 1.1. There is a one-to-one correspondence of sets
F : Ext1(L˜, (W, [, ])) ∼= ext1(L˜, (W, [, ]))
Hence the set ext1(L˜, (W, [, ])) of equivelance classes of triples (∇, ψ, w) classifies
extensions of D-Lie algebras.
In Theorem 2.14 we prove the following result on connections on a classical
Lie-Rinehart algebra:
Theorem 1.2. Let (L, α) be an A/k-Lie-Rinehart algebra and let ∇ : L→ Endk(E)
be a connection. Let
pE : End(L,E,∇)→ L
be the canonical map of Lie-Rinehart algebras where End(L,E,∇) is the non-abelian
extension defined by (E,∇). Let P ∈ HomA(L,EndA(E)) and define ∇
′ := ∇+P .
It follows ∇′ is a connection on E. There is a canonical isomorphism of non-
abelian extensions End(L,E,∇) ∼= End(L,E,∇′), hence the extension class 2.13.1
defined by End(L,E,∇) is independent of choice of connection ∇. The following
holds: The A-module E has a flat connection if and only if there is a map of of
A/k-Lie-Rinehart algebras sE : L→ End(L,E,∇) with pE ◦ sE = IdL.
Assume the ring k contains a field of characteristic zero. Given an A/k-Lie-
Rinehart algebra (L, α) and any connection ρ : L → Endk(E) where E is a finite
rank projective A-module we construct in Theorem 3.28 a non-trivial extension of
L(f) by EndtrA (E).
Theorem 1.3. There is an extension of pre-D-Lie algebras
0→ EndtrA (E)→ End(L,E)→ L(f)→ 0.
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Here f := tr(Rρ) is the trace of the curvature of ρ. The A-Lie algebra End
tr
A (E) is
the quotient of EndA(E) by the sub-A-module and A-Lie algebra of endomorphisms
with trace zero.
Hence non-abelian extensions of pre-D-Lie algebras and D-Lie algebras arise
naturally when studying classical connections on finite rank projective modules.
We also give an explicit proof of the classification of all non-abelian extensions of
an A/k-Lie-rinehart algebra (L, α) by an A-Lie algebra W where L is a projective
left A-module. This classification has appeared in the paper [19] for holomorphic
Lie algebroids and here I give an explicit proof of this classifcation in the algebraic
case. Some of the proofs have already appeared in the paper [19] hence there is
nothing new about this classification. I include all details of the proof in this paper
since I will need these details in the proof of the classification for extensions of
D-Lie algebras.
2. Non-abelian extensions of Lie-Rinehart algebras
In this section we give a complete classifcation of all non-abelian extensions
of an A-Lie algebra (W, [, ]) with an A/k-Lie-Rinehart algebra (L, α) where L is
a projective A-module. This classification was previously known for k-Lie alge-
bras, Lie-super algebras, Lie algebroids for differentiable manifolds and holomor-
phic Lie algebroids for complex manifolds (see [3], [14] and [19]). Given two A/k-
Lie-Rinehart algebras (L, α), (L′, α′) and a surjective map of Lie-Rinehart algebras
p : L′ → L is follows the kernel W := ker(p) in a natural way is an A-Lie alge-
bra. The k-linear bracket [, ] on L′ induce an A-linear bracket on W . If L is a
projective A-module there is a left A-linear section s of p and one may define the
following maps: ∇s : L → Derk(W ) by ∇s(x)(w) := [s(x), w] and ψ : ∧
2L → W
by ψ(x, y) := [s(x), s(y)]− s([x, y]). It follows ∇ is a connection on W with curva-
ture R∇(x, y)(w) = [ψ(x, y), w]. moreover d
2
∇
(ψ) = 0 where d2
∇
is the Chevalley-
Eilenberg differential for the connection (W,∇). Hence we may ask if it is possible
to classify the set of extensions of the Lie-Rinehart algebra (L, α) by the A-Lie
algebra (W, [, ]) in terms of the maps ∇ and ψ and this is possible. The aim of this
note is to do this and to do a similar construction for D-Lie algebras. In Corollary
2.12 we classify extensions of a Lie-Rinehart algebra (L, α) by an A-Lie algebra
(W, [, ]) where L is a projective A-module via pairs {∇, ψ} where ∇ is a connection,
ψ a 2-cocycle with d2
∇
= 0 and R∇(x, y) = [ψ(x, y),−] modulo a certain equiva-
lence relation on the set of such pairs (∇, ψ). The classification is similar to the
classification one gets for k-Lie algebras.
A Lie-Rinehart algebra is an algebraic version of the notion of a Lie algebroid and
much of the cohomological and homological constructions that can be proved for a
k-Lie algebra over a field can be proved for an A/k- Lie-Rinehart algebra L where
L is a projective A-module. The calculations are straightforward and can be done
as a student exercise in homological algebra and extensions. Still I have not found
it written out in detail in the litterature but it is propably well known to experts.
The aim of this project is to do this and to generalize the classification to give a
classification of non-abelian extensions of D-Lie algebras (see [11] for the definition
of a D-Lie algebra). A D-Lie algebra is an A/k-Lie-Rinehart algebra equipped with
a structure of an A⊗k A-module tha is compatible with the Lie product. Many of
the constructions made for Lie-Rinehart algebras may be done for D-Lie algebras:
Maps of D-Lie algebras, connections of D-Lie algebras, enveloping algebras of D-Lie
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algebras, cohomology and homology of D-Lie algebras) and the aim of the project
is to introduce such constructions and to apply the constructions in the theory of
connections and characteristic classes.
Let in the following for a Lie-Rinehart algebra (L, α) and a connection (W,∇) ,
Ci(L, (W,∇)) := HomA(∧
iL,W )(2.0.1)
be the i’th Chevalley-Eilenberg complex of the connection (W,∇) with differential
di. The complex in 2.0.1 is in the case when ∇ is a flat connection referred to as
the Lie-Rinehart complex. This is due to Rineharts paper [16] which was the first
systematic study of the complex 2.0.1 and the cohomology group Hi(L, (W,∇)) in
the case when L is a projective A-module and (W,∇) a flat connection. For this
reason many authors refer to the cohomology Hi(L, (W,∇)) as the Lie-Rinehart
cohomology of the flat connection (W,∇). Many authors studied Lie-Rinehart al-
gebras prior to Rineharts paper [16] (his PhD thesis) hence the notion was well
known to experts at the time. I do not have enough competence on the history
of the devlopment of the notion to write about this and interested readers should
consult the book [14] and other papers by the same author.
The differential di in the complex 2.0.1 depends on the connection ∇ and some-
times we will write di
∇
when it is unclear which connection on W we speak about.
Assume [, ] is an A-Lie product on the A-module W . See [7] for some basic results
on the complex 2.0.1.
Proposition 2.1. Let k → A be an arbitrary map of commutative unital rings. Let
(L;α) and (L′, α′) be A/k-Lie-Rinehart algebras and let p : L′ → L be a surjective
map of A/k-Lie-Rinehart algebras. Assume L is projective as left A-module and
let W := Ker(p). It follows (W, [, ]) is an A-Lie algebra. Let s : L → L′ be a left
A-linear splitting of p and let x ∈ L,w ∈ W . Define ∇(x)(w) := [s(x), w] ∈ W . It
follows we get a connection
∇ : L→ Derk(W ).
Let for x, y ∈ L ψ(x, y) := [s(x), s(y)]− s([x, y]). It follows we get an A-linear map
ψ : ∧2L→W
with d2
∇
(ψ) = 0 where d2
∇
is the 2’nd differential in the Chevalley-Eilenberg complex
of (W,∇). For x, y ∈ L,w ∈ W it follows R∇(x, y)(w) = [ψ(x, y), w] hence ∇ is a
non-flat connection in general.
Proof. The Proposition is a straight forward calculation. 
Definition 2.2. Given an A/k-Lie-Rinehart algebra (L, α) and an A-Lie algebra
(W, [, ]) consider the following set S((L, α), (W, [, ])) of pairs (∇, ψ) where ∇ : L→
Derk(W ) is a connection and ψ ∈ Z
2(L,W ) is a 2-cocycle satisfying the following
condition: Let x, y ∈ L and w ∈W :
R∇(x, y)(w) = [ψ(x, y), w].(2.2.1)
Let the condition in 2.2.1 be called condition A.
Lemma 2.3. Let (W, [, ]) be an A-Lie algebra and let (L, α) be an A/k-Lie-Rinehart
algebra. Let (∇, ψ) be a pair satisfying condition A. Define the following bracket
on the direct sum W ⊕ L: Let w, v ∈ W and x, y ∈ L. Put
[(w, x), (v, y)] := ([w, v] +∇(x)(v) −∇(y)(w) + ψ(x, y), [x, y]).(2.3.1)
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Let W ⊕(∇,ψ) L := (W ⊕L, [, ]) denote the left A-module W ⊕L with the bracket [, ]
defined in 2.3.1. Let
0→W →W ⊕(∇,ψ) L→ L→ 0(2.3.2)
be the exact sequence of left A-modules with the left map i defined by i(w) := (w, 0)
for w ∈W and the right map p defined by p(w, x) := x for (w, x) ∈ W ⊕L. Define
α′ : W ⊕(∇,ψ) L → Derk(A) by α
′(w, x) := α(x). It follows (W ⊕(∇,ψ) L, α′) is
a Lie-Rinehart algebra. The sequence 2.3.2 is an exact sequence of Lie-Rinehart
algebras.
Proof. Let us prove the Jacobi identity for the bracket defined in 2.3.1. The rest is
an exercise for the reader. Let (u, x), (v, y), (w, z) ∈W ⊕ L. Consider the sum
[(u, x), [(v, y), (w, z)]] + [(v, y), [(w, z), (u, x)]] + [(w, z), [(u, x), (v, y)]].(2.3.3)
For the first term in 2.3.3 we get
[(u, x), [(v, y), (w, z)]] =
[u[vw]] + [u,∇(y)(w)] − [u,∇(z)(v)] + [u, ψ(y, z)] +∇(x)([v, w]) +∇(x)∇(y)(w)
−∇(x)∇(z)(w) +∇(x)(ψ(y, z)) −∇([y, z])(u) + ψ(x, [y, z]), [x, [y, z]]).
For the second term in the sum 2.3.3 we get
[(v, y), [(w, z), (u, x)]] =
([v, [w, u]] + [v,∇(z)(u)]− [v,∇(x)(w)] + [v, ψ(z, x)] +∇(y)([w, u]) +∇(y)∇(z)(u)
−∇(y)∇(x)(w) +∇(y)(ψ(z, x)) −∇([z, x])(v) + ψ(y, [z, x]), [y, [z, x]])
For the third term in the sum 2.3.3 we get
[(w, z), [(u, x), (v, y)]] =
([w, [u, v]] + [w,∇(x)(v)] − [w,∇(y)(u)] + [w,ψ(x, y)] +∇(z)([u, v]) +∇(z)∇(x)(v)
−∇(z)∇(y)(u) +∇(z)(ψ(x, y)) −∇([x, y])(w) + ψ(x, [y, z]), [z, [x, y]]).
We get
[u, ψ(y, z)] + [v, ψ(z, x)] + [w,ψ(x, y)]+
R∇(x, y)(w) +R∇(z, x)(v) +R∇(y, z)(u)
−[ψ(y, z), u]− [ψ(z, x), v]− [ψ(x, y), w] = 0.
We get
∇(x)(ψ(y, z)) −∇(y)(ψ(z, x)) +∇(z)(ψ(x, y))
−ψ([x, y], z) + ψ([x, z], y)− ψ([y, z], x) = d2∇(ψ)(x, y, z) = 0.
We get
[(u, x), [(v, y), (w, z)]] + [(v, y), [(w, z), (u, x)]] + [(w, z), [(u, x), (v, y)]] = 0
and the Jacobi identity holds. 
Definition 2.4. Let (L, α) be an A/k-Lie-rinehart algebra and let (W, [, ]) be an
A-Lie algebra. Let
S((L, α), (W, [, ])) := {(∇, ψ) : such that condition A holds}.(2.4.1)
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Define the following relation on the set S((L, α), (W, [, ])): Given two elements
(∇, ψ), (∇′, ψ′) ∈ S((L;α), (W, [, ])). We say (∇, ψ) ≡ (∇′, ψ′) if and only if there
is a map b ∈ HomA(L,W ) such that
∇′(x) = ∇(x) + [b(x),−]
and
ψ′(x, y) = ψ(x, y) + d1∇(b)(x, y) + [b(x), b(y)]
for all x, y ∈ L.
Lemma 2.5. The relation ≡ on the set S((L, α), (W, [, ])) is an equivalence relation.
Proof. Clearly (∇, ψ) ≡ (∇, ψ) with b = 0. Assume there is an element b ∈
HomA(L,W ) with
∇′(x) = ∇(x) + [b(x),−]
and
ψ′(x, y) = ψ(x, y) + d1∇(x, y) + [b(x), b(y)].
It follows
∇(x) = ∇′(x) + [(−b)(x),−] := ∇′(x) + [a(x),−]
where a := −b ∈ HomA(L,W ). We want to prove that
ψ(x, y) = ψ′(x, y) + d1∇′ (a)(x, y) + [a(x), a(y)].
A calculation shows that
d1∇′(a)(x, y) = −d
1
∇(b)(x, y)− 2[b(x), b(y)].
We get by assumption
ψ′(x, y) + d1
∇′
(a)(x, y) + [a(x), a(y)] =
ψ(x, y)+d1
∇
(b)(x, y)+[b(x), b(y)]−d1
∇
(b)(x, y)−2[b(x), b(y)]+[b(x), b(y)] = ψ(x, y).
Hence
ψ(x, y) = ψ′(x, y) + d1∇′(a)(x, y) + [a(x), a(y)]
and it follows
(∇′, ψ′) ≡ (∇, ψ)
hence the relation ≡ is symmetric. If there are elements a, b ∈ HomA(L,W ) with
∇′(x) = ∇(x) + [b(x),−]
and
ψ′(x, y) = ψ(x, y) + d1∇(x, y) + [b(x), b(y)]
and
∇′′(x) = ∇′(x) + [a(x),−]
and
ψ′′(x, y) = ψ(x, y)′ + d1∇(a)(x, y) + [a(x), a(y)]
it follows
∇′′(x) = ∇(x) + [(a+ b)(x),−]
and
ψ′′(x, y) = ψ(x, y) + d1∇(a+ b)(x, y) + [(a+ b)(x), (a+ b)(y)]
and a+ b ∈ HomA(L,W ). The Lemma follows. 
Definition 2.6. Let (L, α) be an A/k-Lie-rinehart algebra and let (W, [, ]) be an
A-Lie algebra. Let ext1((L, α), (W, [, ])) := S((L, α), (W, [, ]))/ ≡.
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Let
0→W → L′ → L→ 0(2.6.1)
be an exact sequence of A-modules with W := ker(p) and p : L′ → L is a map
of Lie-Rinehart algebras. It follows (W, [, ]) is an A-Lie algebra. Let
T (L,W ) := T ((L, α), (W, [, ]))
be the set of short exact sequences as in 2.6.1 where (W, [, ]) is a fixed A-Lie
algebra and (L, α) a fixed Lie-Rinehart algebra. Let two extensions L′ →p
′
L and
L′′ →p
′′
L in T (L,W ) be equivalent if there is an isomorphism of Lie-Rinehart
algebras ρ : L′ → L′′ making all diagrams commute. We write (L′, p′) ≡ (L′′, p′′).
The relation ≡ is an equivalence relation on T (L,W ).
Definition 2.7. Let
Ext1((L, α), (W, [, ])) := Ext1(L,W ) := T (L,W )/ ≡
be the quotient set.
Assume L is a projective left A-module and s : L → L′ a left splitting of p.
Let s′ be another splitting of p. It follows s′ = s + b with b ∈ HomA(L,W ). Let
(∇, ψ), (∇′, ψ′) be the two elemenst in S defined by s and s′. Define for the splitting
s the following exact sequence of left A-modules as done in Proposition 2.3:
0→W →W ⊕(∇,ψ) L→ L→ 0(2.7.1)
where W ⊕(∇,ψ) L :=W ⊕ L with the following product:
[(w, x), (v, y)] := ([w, v] +∇(x)(v) −∇(y)(w) + ψ(x, y), [x, y])
as defined in 2.3. Define the map
αs :W ⊕
(∇,ψ) L→ Derk(A)
by
αs(w, x) := α(x).
It follows from Proposition 2.3 the sequence 2.7.1 is an extension of A/k-Lie-
Rinehart algebras.
Lemma 2.8. For any splitting s of p it follows the pair (W ⊕(∇,ψ) L, αs) is an
A/k-Lie-Rinehart algebra. The canonical maps
0→W →W ⊕(∇,ψ) L→ L→ 0
make (W, [, ]) an A-Lie algebra and a k-Lie sub algebra ofW⊕(∇,ψ)L. The canonical
map W ⊕(∇,ψ) L → L is a map of A/k-Lie-Rinehart algebras. If s′ is another left
A-linear splitting of p with s = s′ + b with b ∈ HomA(L,W ) it follows there is an
isomorphism
ρ :W ⊕(∇,ψ) L→W ⊕(∇
′,ψ′) L
defined by
ρ(w, x) = (w + b(x), x)
making all diagrams commute. Hence the map ρ is an isomorphism of extensions
of A/k-Lie-Rinehart algebras.
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Proof. Let (w, x), (v, y) ∈ W ⊕ L. We get
ρ([(w, x), (v, y)]) = ([w, v] +∇(x)(v) −∇(y)(w) + ψ(x, y) + b([x, y]), [x, y]).
We get
[ρ(w, x), ρ(v, y)] =
([w, v] +∇′(x)v) + [(b(x), v] − (∇′(y)(w) + [b(y), w]) +∇′(x)(b(y))−
∇′(y)(b(x)) + ψ′(x, y) + [b(x), b(y)], [x, y]).
It follows
[ρ(w, x), ρ(v, y)] − ρ([(w, x), (v, y)]) =
(∇′(x)(v) + [b(x), v] −∇(x)(v) − (∇′(y)(w) + [b(y), w]−∇(y)(w))+
d1∇′ (b)(x, y) + ψ
′(x, y)− ψ(x, y), 0).
Since ∇(x) = ∇′(x) + [b(x),−] and ψ(x, y) = ψ′(x, y) + d1
∇′
(b)(x, y) + [b(x), b(y)]
we get
ρ([(w, x), (v, y)]) = [ρ(w, x), ρ(v, y)]
hence ρ is an isomorphism of A/k-Lie-Rinehart algebras. It follows ρ is an isomor-
phism of extensions and the Lemma follows. 
Definition 2.9. Let (L, α) be a A/k-Lie-Rinehart algebra and let (W, [, ]) be an
A-Lie algebra. Let s := (∇, ψ) be a a pair where ∇ : L→ Derk(A) is a connection
and ψ : ∧2L→W a 2-cocycle satisfying condition A. Let W ⊕s L denote the triple
(W ⊕L, [, ], αs). it follows W ⊕
s L is an A/k-Lie-Rinehart algebra and the map ps
is a map of A/k-Lie-Rinehart algebras.
Theorem 2.10. Let s := (∇, ψ) and s′ := (∇′, ψ′) be two pairs satisfying condition
A and consider the Lie-Rinehart algebras W ⊕s L and W ⊕s
′
L from Definition
2.9. Define the map ρ : W ⊕s L → W ⊕s
′
L by ρ(w, x) = (w + b(x), x) where
b ∈ HomA(L,W ). It follows ρ is an isomorphism of left A-modules. Consider the
conditions
∇(x)(v) = ∇′(x)(v) + [b(x), v](2.10.1)
ψ(x, y) = ψ′(x, y) + d1
∇′
(b)(x, y) + [b(x), b(y)](2.10.2)
The following is true: The map ρ is a map of k-Lie algebras if and only if conditions
2.10.1 and 2.10.2 hold.
Proof. Let u := (w, x), v := (v, y) ∈W ⊕ L. We get
ρ([u, v]) =
([w, v] +∇(x)(v) −∇(y)(w) + ψ(x, y) + b([x, y]), [x, y]).
We moreover get
[ρ(u), ρ(v)] =
([w, v] +∇′(x)(v) + [b(x), v]− (∇′(y)(w) + [b(y), w]) +∇′(x)(b(y))
−∇′(y)(b(x)) + ψ′(x, y) + [b(x), b(y)], [x, y]).
It follows
[ρ(u), ρ(v)] − ρ([u, v]) =
(∇′(x)(v) + [b(x), v]−∇(x)(v) − (∇′(y)(w) + [b(y), w]−∇(y)(w))
+d1
∇′
(b)(x, y) + ψ′(x, y)− ψ(x, y) + [b(x), b(y)], 0)
Hence if ρ is a map of Lie algebras for all u, v it follows if we let y = 0, we get
∇′(x)(v) + [b(x), v] = ∇(x)(v)
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for all x ∈ L and v ∈W . It follows
[ρ(u), ρ(v)] − ρ([u, v]) =
(ψ′(x, y) + d1∇′(b)(x, y) + [b(x), b(y)]− ψ(x, y), 0).
Hence since ρ is a map of Lie algebras it follows
ψ(x, y) = ψ′(x, y) + d1∇′ (b)(x, y) + [b(x), b(y)]
and the first claim follows. Assume equations 2.10.1 and 2.10.2 holds. By the above
calculation it follows ρ is a map of Lie algebras. The Theorem follows. 
Lemma 2.11. Let (L, α) be an A/k-Lie-Rinehart algebra where L is a projective
A-module and let (W, [, ]) be an A-Lie algebra. Let
0→W → L′ → L→ 0
be an exact sequence of Lie-Rinehart algebras with p : L′ → L a surjective map of
Lie-Rinehart algebras with a left A-linear section s. Let ∇ : L → Derk(W ) be the
connection associated to s and ψ : ∧2L → W the 2-cocycle associated to s. Define
the following map of sets:
F : Ext1((L, α), (W, [, ]))→ ext1((L, α), (W, [, ]))
by
F (p : L′ → L) := (∇, ψ).
It follows F is a well defined map of sets.
Proof. We must prove that if p1 : L1 → L and p2 : L2 → L are two equivalent
extensions then
F (p1 : L1 → L) ≡ F (p2 : L2 → L)
in the quotient ext1((L, α), (W, [, ])). Chose two A-linear sections s1 of p1 and s2 of
p2 and define the connections and 2-cocycles (∇1, ψ1) and (∇2, ψ2). From Lemma
2.8 we get isomorphisms of extensions
W ⊕(∇1,ψ1) L ∼= L1 and W ⊕
(∇2,ψ2) L ∼= L2.
If ρ : L1 → L2 is an isomorphism of extensions we get an induced isomorphism of
extensions
ρ˜ :W ⊕(∇1,ψ2) L→W ⊕∇2,ψ2) L.
It follows from Theorem 2.10 that there is an element b ∈ HomA(L,W ) such that
∇1(x) = ∇2(x) + [b(x),−]
and
ψ1(x, y) = ψ2(x, y) + d
1
∇2
(x, y) + [b(x), b(y)]
It follows
F (p1 : L1 → L) ≡ F (p2 : L2 → L).
Hence the map F is well defined and the Lemma is proved. 
Corollary 2.12. Let (L, α) be an A/k-Lie-Rinehart algebra where L is projective
as left A-module. Assume (W, [, ]) is an A-Lie algebra. There is a one-to-one
correspondence of sets
F : Ext1((L, α), (W, [, ])) ext1((L, α), (W, [, ])).
Hence the set ext1((L, α), (W, [, ])) classifies extensions of (L, α) by (W, [, ]).
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Proof. Assume we are given two extensions p1 : L1 → L and p2 : L2 → L with
F (p1 : L1 → L) ≡ F (p2 : L2 → L) in ext
1((L, α), (W, [, ])).
If F (p1 : L1 → L) = (∇1, ψ1) and F (p2 : L2 → L) = (∇2, ψ2) it follows from
Theorem 2.10 there is a n element b ∈ HomA(L,W ) with
∇2(x) = ∇1(x) + [b(x),−]
and
ψ2(x, y) = ψ1(x, y) + d
1
∇1
(b)(x, y) + [b(x), b(y)].
It follows from Theorem 2.10 the map
ρ˜ : W ⊕(∇1,ψ1) L→W ⊕(∇2,ψ2) L
defined by
ρ˜(w, x) := (w + b(x), x)
is an isomorphism of extensions. It follows L1 ∼= L2 is an isomorphism of extensions,
hence the map F is an injection.
Assume (∇, ψ) ∈ ext1((L, α), (W, [, ])) is an element. Define the following Lie
product on W ⊕ L as done in Proposition 2.3:
[(w, x), (v, y)] := ([w, v] +∇(x)(v) −∇(y)(w) + ψ(x, y), [x, y]).
It follows from Proposition 2.3 the A-module W ⊕(∇,ψ) L is an A/k-Lie-Rinehart
algebra and furthermore W ⊕(∇,ψ) L is an extension of L by W . Since L is a pro-
jective A-module it follows there is a section s of the natural projection morphism
p : W ⊕(∇,ψ) L→ L and s(x) = (b(x), x) where b ∈ HomA(L,W ). One checks that
F (W ⊕∇,ψ) L) = (∇s, ψs) where
∇s(x) = ∇(x) + [b(x),−]
and
ψs(x, y) = ψ(x, y) + d
1
∇
(b)(x, y) + [b(x), b(y)]
hence
F (W ⊕(∇,ψ) L) := (∇s, ψs) ≡ (∇, ψ)
and the map F is surjective. The Corollary is proved. 
Note: When W is an abelian Lie algebra we recover the classical classification
of abelian extensions of L by W as discussed in [7].
Example 2.13. The non-abelian extension associated to a connection.
In the classical situation of a connection on a Lie-Rinehart algebra we get in a
canonical way a non-abelian extension associated to a connection. Let (L, α) be an
A/k-Lie-Rinehart algebra. If ∇ : L → Endk(E) is an arbitrary connection we get
an induced connection
∇˜ : L→ Derk(EndA(E))
defined by
∇˜(x)(φ) := [∇(x), φ].
One checks that for any pair φ, ψ ∈ EndA(E) it follows
∇˜(x)([φ, ψ]) = [∇˜(x)(φ), ψ] + [φ, ∇˜(x)(ψ)].
One gets for any elements x, y ∈ L the following formula:
R
∇˜
(x, y)(φ) = [R∇(x, y), φ]
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and R∇ ∈ Z
2(L,EndA(E)) hence we get since EndA(E) is an A-Lie algebra a non
abelian extension
0→ EndA(E)→ End(L,E,∇)→ L→ 0(2.13.1)
where End(L,E,∇) := EndA(E) ⊕ L has the following Lie product: given
(φ, x), (ψ, y) ∈ End(L,E) we define
[(φ, x), (ψ, y)] := ([φ, ψ] + ∇˜(x)(ψ) − ∇˜(y)(φ) +R∇(x, y), [x, y]).
One checks End(L,E) is an A/k-Lie-Rinehart algebra.
Theorem 2.14. Let (L, α) be an A/k-Lie-Rinehart algebra and let ∇ : L →
Endk(E) be a connection. Let
pE : End(L,E,∇)→ L
be the map of Lie-Rinehart algebras defined above. Let P ∈ HomA(L,EndA(E))
and define ∇′ := ∇ + P . It follows ∇′ is a connection on E. There is a canonical
isomorphism of non-abelian extensions End(L,E,∇) ∼= End(L,E,∇′), hence the
extension class 2.13.1 is independent of choice of connection ∇. The following
holds: The A-module E has a flat connection if and only if there is a map of of
A/k-Lie-Rinehart algebras sE : L→ End(L,E,∇) with pE ◦ sE = IdL.
Proof. Let nabla : L→ Endk(E) and let ad∇ : L→ Derk(EndA(E)) be the adjoint
connection defined by ad∇(x)(φ) := [∇(x), φ]. Let ∇′ := ∇+ P .It follows
ad∇′(x) = ad∇(x) + [P (x),−].
Moreover
R∇′(x, y) = R∇(x, y) + d
1
ad∇(P )(x, y) + [P (x), P (y)]
hence by Theorem 2.10 it follows there is an isomorphism of extensions
End(L,E,∇) ∼= End(L,E,∇′)
and the first claim is true. We prove the second claim: A splitting sE : L →
End(L,E,∇) is on the following form: s(x) = (ρ(x), x) where ρ ∈ HomA(L,EndA(E)).
It follows
[s(x), s(y)] = [(ρ(x), x), (ρ(y), y)] =
([ρ(x), ρ(y)] + [∇(x), ρ(y)] − [∇(y), ρ(x)] +R∇(x, y), [x, y]) =
([ρ(x), ρ(y)] + [∇(x), ρ(y)] + [ρ(x),∇(y)] + [∇(x),∇(y)] −∇([x, y]), [x, y]).
It follows s([x, y]) = [s(x), s(y)] if and only if the following holds:
[ρ(x), ρ(y)] + [∇(x), ρ(y)] + [ρ(x),∇(y)] + [∇(x),∇(y)] −∇([x, y])− ρ([x, y]) = 0
which is if and only if
[∇(x) + ρ(x),∇(y) + ρ(y)]− (∇+ ρ)([x, y]) = R∇+ρ(x, y) = 0.
Hence pE has a splitting which is A-linear and a map of k-Lie algebras if and only if
there is a map Q ∈ HomA(L,EndA(E)) such that ∇
′ := ∇+Q is a flat connection.
The Theorem follows. 
Example 2.15. Atiyah sequences for connections on Lie-Rinehart algebras
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Hence the A-module E has a flat connection if and only if the exact sequence
2.13.1 is split in the category of A/k-Lie-Rinehart algebras. Hence we may use
the set Ext1((L, α), (EndA(E), [, ])) and Corollary 2.12 to study the problem of
determining if an A-module E has a flat connection. Recall from [7], Lemma A.19
there is for any A/k-Lie-Rinehart algebra (L, α) and any A-module E an exact
sequence of A⊗k A-modules
0→ E → J1L(E)→ L⊗A E → 0(2.15.1)
with the property that an A⊗k A-linear section s : L ⊗A E → J
1
L(E) corresponds
to a connection ∇ : L→ Endk(E). The sequences 2.13.1 and 2.15.1 are defined for
an arbitrary Lie-Rinehart algebra (L, α) and an arbitrary A-module E.
3. Non-abelian extensions of D-Lie algebras
In this section we introduce the notion of a D-Lie algebra, the category of D-
Lie algebras and the category of modules on D-Lie algebras. The construction is
modeled on the module of first order k-linear differential operators Diff1(A) and
the notion of an A/k-Lie-Rinehart algebra.
Example 3.1. The module of differential operators.
Let k → A be an arbitrary map of commutative unital rings and let Diff1(A)
be the module of first order k-linear differential opreators on A. There is an iso-
morphism i : Diff1(A) ∼= A ⊕ Derk(A) given by i(∂) := (−∂(1), ∂) and there is a
canonical inclusion map
j : A⊕Derk(A)→ Endk(A)
defined by
j(a, δ) := φa + δ
where φa(b) := ab is multiplication with a. It follows Diff
1(A) has a canonical
A⊗k A-module structure and k-Lie algebra structure defined as follows:
a(b, δ) := (ab, aδ)
(b, δ)a := (ba+ δ(a), aδ)
and
[(b, δ), (c, η)] := (δ(c)− η(b), [δ, η]).
Note that there is no non-trivial right A-module structure on Derk(A). We
must consider the abelian extension Diff1(A) to get something non-trivial since
δ ◦ φa = φδ(a) + aδ in Endk(A).
Given a 2-cocycle f ∈ Z2(Derk(A), A) we may construct a new k-Lie algebra
structure on A⊕Derk(A) as follows:
[(b, δ), (c, η)] := (δ(c)− η(b) + f(δ, η), [δ, η]).(3.1.1)
Let (D1(A, f), [, ]) denote the A ⊗k A module A ⊕ Derk(A) equipped with the Lie
bracket defined in 3.1.1. Let pi : D1(A, f) → Derk(A) be the canonical projection
map. It follows pi is A ⊗k A-linear and a map of k-Lie algebras. Let z := (1, 0) ∈
D1(A, f). It follows [z, u] = 0 for all elements u ∈ D1(A, f) hence the element
z ∈ Z(D1(A, f)) is in the center Z(D1(A, f)) of the Lie algebra D1(A, f).
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Lemma 3.2. Let u := (a, δ), v := (b, η) ∈ D1(A, f) and let c ∈ A. The bracket [, ]
from 3.1.1 satisfies the following:
vc = cv + pi(v)(c)z(3.2.1)
[u, cv] = c[u, v] + pi(u)(c)v(3.2.2)
and
[u, vc] = [u, cv] + pi(u)pi(v)(c)z.(3.2.3)
Proof. Claim 3.2.1 and 3.2.2 follows from an explicit calculation. Let us verify
Claim 3.2.3: We get
vc := (b, η)c := (bc+ η(c), cη) = c(b, η) + η(c)z = cv + pi(v)(c)z.
It follows
[u, vc] = [u, cv] + [u, pi(v)(c)z] = pi(v)(c)[u, z] + pi(u)pi(v)(c)z
hence
[u, vc] = [u, cv] + pi(u)pi(v)(c)z.

Note: Condition 3.2.2 is the well known anchor-condition from the definition of
a classical A/k-Lie-Rinehart algebra.
The notion of a D-Lie algebra is an extension of the module of first order differ-
ential operators Diff1(A) or more generally the module D1(A, f):
Definition 3.3. Let k → A be an arbitrary map of commutative unital rings. A
5-tuple (L˜, α˜, p˜i, [, ], D) is a D-Lie algebra if the following holds: (L˜, [, ]) is a k-Lie
algebra and A⊗k A-module. The map α˜ : L˜→ D
1(A, f) is a map of k-Lie algebras
and A ⊗k A-modules. The map p˜i : L˜ → Derk(A) is a map of k-Lie algebras and
A⊗k A-modules with pi ◦ α˜ = p˜i. Let u, v ∈ L˜ and c ∈ A. The element D ∈ Z(L˜) is
a central element with p˜i(D) = 0. The following holds:
uc = cu+ p˜i(u)(c)D(3.3.1)
[u, cv] = c[u, v] + p˜i(u)(c)v(3.3.2)
Given two D-Lie algebras (L˜, α˜, p˜i, [, ]) and (L˜′, α˜′, pi′, [, ]). A map of D-Lie algebras
is a map
φ : L˜→ L˜′
of A ⊗k A-modules and k-Lie algebras with the property that φ(D) = D
′ and
with α˜′ ◦ φ = α˜. Here D ∈ Z(L˜) and D′ ∈ Z(L˜′) are the canonical central
elements of L˜ and L˜′. A D-Lie algebra L˜ is also referred to as a Lie algebra of first
order differential operators on A/k. Let D1(A, f)−Lie denote the category of D-Lie
algebras and maps of D-Lie algebras.
Lemma 3.4. Let (L˜, α˜, p˜i, [, ], D) be a D-Lie algebra and let u, v ∈ L˜ and c ∈ A. It
follows
[u, vc] = c[u, v] + p˜i(u)(c)v + p˜i(u)p˜i(v)(c)D.
Proof. We get since D is the central element in L˜ the following calculation:
[u, vc] = [u, cv + p˜i(v)(c)D] = c[u, v] + p˜i(u)(c)v + p˜i(u)p˜i(v)(c)D.
The Lemma follows. 
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Example 3.5. Rings of differential operators and principal parts.
Note: An A ⊗k A-module W that is finitely generated and projective as left
and right A-module separately is called an (A,A)-vector bundle. The module of
principal parts Pl(E) is an (A,A)-vector bundle in many cases. There are examples
where the left structure on Pl(E) is different from the right structure (see [12]).
Similar results hold for the module of differential operators Diff l(E,E). From [12]
we get the following example. Let C := P1 be the projective line over a field of
characteristic zero and let O(n) be the invertible sheaf with n ∈ Z an integer. The
module of l’th order differential operators Diff l(O(n)) from O(n) to O(n) has a left
and right structure as OC -module and we get the following classification:
Theorem 3.6. Let k ≥ 1 and n ∈ Z be integers. The following holds:
Diff l(O(n))right ∼= OC ⊕O(l + 1)
k for all l ≥ 1 and n ∈ Z.
Diff l(O(n))left ∼= O(l)l+1 for all 1 ≤ l ≤ n.
Diff l(O(n))left ∼= On+1C ⊕O(l + 1)
n−l for all n < l and l ≥ 1
Proof. The proof follows from [12] since the sheaf of differential operators Diff l(O(n))
is the dual of the sheaf of principal parts. 
For a line bundle L ∈ Pic(A) it follows the ring of differential operators Diff(L) is
locally isomorphic to Diff(A) in the following sense: If U := Spec(B) ⊆ Spec(A) is
an open subset where L trivialize it follows Diff(L)(U) ∼= Diff(B). Hence Spec(A)
has an open affine cover Ui := Spec(Bi) with Diff(L)(Ui) ∼= Diff(Bi). Here we abuse
the notation and write Diff(A) when we speak of the sheaf on Spec(A) associated
to Diff(A). It follows the module Diff l(O(n)) is locally isomorphic to the module of
differential operators Diff l(OC) of order ≤ l. One could try to generalize Definition
3.3 to more general rings of differential operators on the form Diff(L) where L is a
line bundle or a projective A-module of rank ≥ 1.
One may replace the A⊗kA-module D
1(A, f) with Diff1(L) where L is a linebun-
dle or a local twist of Diff1(L). If Ui := Spec(Bi) is an open cover where L trivialize
and fi ∈ Z
2(Derk(Bi), Bi) is a 2-cocycle we may locally define the A⊗k A-module
D1(Bi, fi) and try to glue these to a global object D
1(L, f) := D1(L, {fi}). Defini-
tion 3.3 is functorial hence it makes sense to ask such a question.
Example 3.7. Universal central extensions of Lie algebras and A/k-Lie-Rinehart
algebras.
Note: For Lie algebras and Lie-Rinehart algebras there is the notion of a universal
central extension. This is a new topic that is in development (see the paper [2] from
2014 for the case of Lie-Rinehart algebras). One would like to give a construction
of a ”universal central extension” of a D-Lie algebra.
Example 3.8. Connections in principal fiber bundles.
The constructions in this paper will in future work be generalized to give a theory
valid for principal fiber bundles and connections in principal fiber bundles. This is
work in progress (see [8]).
Example 3.9. The underlying A/k-Lie-Rinehart algebra of a D-Lie algebra.
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Note: the 5-tuple (D1(A, f), id, pi, [, ], z) where z := (1, 0) is a D-Lie algebra. The
underlying left A-module of a D-Lie algebra (L˜, α˜, p˜i, [, ], D) is an ordinary A/k-Lie-
Rinehart algebra. Hence a D-Lie algebra is an A/k-Lie-Rinehart algebra equipped
with the structure of a right A-module with a certain compatibility between the
Lie bracket and the right A-module structure given in Lemma 3.4.
Example 3.10. The D-Lie algebra associated to an A/k-Lie-Rinehart algebra.
Let α : L → Derk(A) be a Lie-Rinehart algebra and let f ∈ Z
2(Derk(A), A) be
a 2-cocycle. Let fα ∈ Z2(L,A) be the pull back 2-cocycle. Make the following
definition:
L(fα) := Az ⊕ L
with the following Lie bracket. Let u := az + x, v := bz + y ∈ L(fα). Define
[u, v] := (α(x)(b) − α(y)(a) + fα(x, y), [x, y]) ∈ L(fα).
Define the map
αf : L(f
α)→ D1(A, f)
by
αf (az + x) := (a, α(x)) ∈ D
1(A, f).
Define for c ∈ A
cu := c(az + x) := (ca)z + cx
and
(az + x)c := (ac+ α(x)(c))z + cx.
One checks that
uc = cu+ αf (u)(c)z
and [z, u] = 0 hence the element z ∈ L(fα) is the canonical central element in
Z(L(fα)). One checks that the 5-tuple (L(fα), αf , pif , [, ], z) is a D-Lie algebra in
the sense of Definition 3.3. A map of Lie-Rinehart algebra φ : (L, α) → (L′, β)
gives in a canonical way a map of D-Lie algebras
φf : L(f
α)→ L′(fβ)
defined by
φf (az + x) := az
′ + φ(x).
Hence φf (z) = z
′. Hence we get a functor
F : LR(A/k)→ D1(A, f)−Lie
from the category LR(A/k) of A/k-Lie-Rinehart algebras to the category of D-Lie
algebras D1(A, f)−Lie defined by
F (L, α) := (L(fα), αf , pif , [, ], z).
Example 3.11. D-Lie algebras and connections.
Definition 3.12. Let (L˜, α˜, p˜i, [, ], D) be a D-Lie algebra with central element D ∈
Z(L˜) and let ψ ∈ EndA(E) where E is a left A-module. A (L˜, ψ)-connection is a
left A-linear map
ρ; L˜→ Endk(E)
where the following holds for all a ∈ A, u ∈ L˜ and e ∈ E:
ρ(u)(ae) = aρ(u)(e) + p˜i(u)(a)ψ(e).
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Let Conn(L˜,End) denote the category of all (L˜, ψ)-connection and morphisms of
connections. Note: The endomorphism ψ may vary. An L˜-connection is an A⊗kA-
linear map ρ : L˜→ Endk(E) where E is a left A-module. Let Conn(L˜) denote the
category of all L˜-connections and morphisms ot L˜-connections. Let Conn(L˜, Id)
denote the category of all L˜-connections (E, ρ) with ρ(D) = IdE . It follows there
is an inclusion of categories
Conn(L˜, Id) ⊆ Conn(L˜).
Note: The D-Lie algebra L˜ acts on A via Derk(A) if f 6= 0. If f = 0 we get a
well defined action via the canonical map
α˜ : L˜→ D1(A, 0) := Diff1(A).
We get for every x ∈ L˜ an element α˜(x) = φx + p˜i(x) where φx ∈ A and
p˜i(x) ∈ Derk(A). Hence when f = 0 we get an action of L˜ on A in terms of
differential operators of order 1. If f 6= 0 it follows L˜ acts on A as derivations. The
map p˜i induce a map of A⊗k A-modules
p˜i : L˜→ Diff1(A)
Hence (A, p˜i) is an L˜-module in general.
Lemma 3.13. Any L˜-module (E, ρ) is a (L˜, ψ)-connection for some ψ ∈ EndA(E).
Let B := A⊗k A. There is for every left A-module E an equality of sets
HomB(L˜,Endk(E)) ∼= HomB−alg(T
∗
B(L˜),Endk(E)).(3.13.1)
Proof. Let D ∈ Z(L˜) be the canonical central element. It follows for any v ∈ L˜
and c ∈ A
vc = cv + p˜i(v)(c)D.
We get for any A⊗k A-linear map ρ : L˜→ Endk(E) the following:
ρ(v)(ce) = ρ(vc)(e) = ρ(cv + p˜i(v)(c)D)(e) = cρ(v)(e) + p˜i(v)(c)ρ(D)(e).
We get for any element a ∈ A
Da = aD + p˜i(D)(a)D = aD
since p˜i(D) = 0. It follows
ρ(D)(ae) = ρ(Da)(e) = ρ(aD)(e) = aρ(D)(e)
hence ρ(D) := ψ ∈ EndA(E). It follows ρ is an (L˜, ψ)-connection. Claim 3.13.1 is
clear. and the Lemma follows 
Definition 3.14. Given a D-Lie algebra (L˜, α˜, p˜i, [, ], D) with central element D.
Define Uua(L˜) := T∗B(L˜)/J where J is the 2-sided ideal in T
∗
B(L˜) generated by the
element D − 1 where D ∈ Z(L˜) is the canonical central element in L˜. Let Uua(L˜)
be the universal algebra of L˜.
Theorem 3.15. There is an exact equivalence of categories
F : Conn(L˜, Id) ≡Mod(Uua(L˜)).
The equivalence F preserves injective and projective objects.
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Proof. Let E be a left Uua(L˜)-module. It follows we get an A⊗k A-linear map
ρ : L˜→ Endk(E)
with ρ(D) = IdE . It follows ρ is an (L˜, Id)-connection. Conversely assume ρ : L˜→
Endk(E) is an (L˜, Id)-connection. It follows for any elements u ∈ L˜, a ∈ A and
e ∈ E
ρ(u)(ae) = aρ(u)(e) + p˜i(u)(a)e.
Moreover
ρ(ua)(e) = ρ(au+p˜i(u)(a)D)(e) = aρ(u)(e)+p˜i(u)(a)ρ(D)(e) = aρ(u)(e)+p˜i(u)(a)e.
Hence
ρ(ua) = ρ(u)a
and hence ρ : L˜ → Endk(E) is an A ⊗k A-linear map. It follows the functor F is
an equivalence of categories and the Theorem follows. 
Corollary 3.16. Let f ∈ Z2(Derk(A), A) and let (L, α) be a Lie-Rinehart algebra.
There is a covariant functor
Ff : LR(A/k)→ Rings
defined by
Ff ((L, α)) := U
ua(L(fα)) := Uuaf (L)
were Rings is the category of associative unital rings and maps of unital rings.
Proof. Since L(fα) is a D-Lie algebra the proof is clear from the above discussion.

Note: Theorem 3.15 generalize Theorem A.13 in [7] to arbitrary D-Lie algebras.
In [7], Theorem A.13 a similar result is proved for the D-Lie algebra L(fα) := Az⊕L
where (L, α) is an A/k-Lie-Rinehart algebra and f ∈ Z2(Derk(A), A) a 2-cocycle.
Example 3.17. Cohomology of L˜-connections.
By Theorem 3.15 we may for any L˜-connection (E, ρ) defined the cohomology
Hi(L˜, (E, ρ)) and homology Hi(L˜, (E, ρ)) using the universal algebra U
ua(L˜). This
is because the functor F in Theorem 3.15 preserves injective and projective objects.
The universal algebra Uua(L˜) is an associative ring and we define cohomology and
homology using Ext and Tor-functors in the category Mod(Uua(L˜)). Why do we
want to study the cohomology of an L˜-connection? The cohomology of a flat
connection and of a connection of curvature type f where f ∈ Z2(L,A) is a 2-cocycle
has been introduced in [16] and [7]. The universal algebra Uua(L˜) gives via Theorem
3.15 the definition of the cohomology and homology of an arbitrary L˜-connection
(E, ρ), generalizing the construction in [7] and [16]. Since the cohomology and
homology of a L˜-connection (E, ρ) is defined using Ext and Tor-functors, many
functorial properties of Hi(L˜, (E, ρ)) and Hi(L˜, (E, ρ)) are well known. The Ext and
Tor-functors have been studied since the 1940’s and are the most basic constructions
in the theory of modules over of associative unital rings (see [1] for elementary
properties of the Ext and Tor-functors). A large class of cohomology theories
in algebra and algebraic geometry may be realized as the DeRham cohomology
or homology of a connection (E,∇) where ∇ : E → Ω1A ⊗ E. If we define the
cohomology of a connection (E, ρ) using Theorem 3.15 we get a unified construction
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of a large class of such cohomology and homology theories. One wants to understand
what class of cohomology theories we get when we consider the cohomoloy and
homology of a L˜-connection.
The functor F from Theorem 3.15 introduce the module theory of associative
rings into the theory of connections and characteristic classes and this approach
will be developed further in a preprint (see [8]). Since the universal algebra Uua(L˜)
is an ”enveloping algebra” in a generalized sense, it is hoped that the study of the
set of 2-sided ideals in Uua(L˜) may have applications in the theory of characteristic
classes and connections.
Let in the following (W, [, ]) be an A-Lie algebra where W is an A⊗k A-module
with aw = wa for all w ∈ W and a ∈ A. Assume
0→W → L˜1 → L˜→ 0(3.17.1)
is the exact sequence induced by a surjective map p1 : L˜1 → L˜ of D-Lie algebras
L˜1, L˜ with W := ker(p1). Let (L˜1, pi1, p˜i1, [, ], D1) and (L˜, pi, p˜i, [, ], D) be the pairs
of 5-tuples of elements corresponding to L˜1 and L˜.
Assume L˜ is projective as left A-module and that s : L˜ → L˜1 is a left A-linear
map with p1 ◦ s = idL˜. Associated to the splitting s we may defined the triple
(∇, ψ, φ) as follows:
Let D1 ∈ Z(L˜1) and D ∈ Z(L˜) be the central elements of L˜1 and L˜. Define the
element Ds := (D1−s(D), D) ∈W ⊕
(∇,ψ) L˜. The section s defines an isomorphism
ρ : L˜1 →W ⊕
(∇,ψ) L˜
ρ(z) := (z − s(p1(x)), p1(x))
of A/k-Lie-Rinehart algebras, where W ⊕(∇,ψ) L˜ has the following bracket: Let
a := (w, x), b := (v, y) ∈W ⊕ L˜. Define
[a, b] := ([w, v] +∇(x)(v) −∇(y)(w) + ψ(x, y), [x, y]).
Define the following right A-module structure on W ⊕(∇,ψ) L˜:
(w, x)c := (wc+ φ(x, c), xc)
with c ∈ A and φ(x, c) := s(x)c− s(xc). We let W ⊕(∇,ψ,φ) L˜ denote the A/k-Lie-
Rinehart algebra W ⊕(∇,ψ) L˜ equipped with the A⊗k A-module structure defined
by φ.
Lemma 3.18. The element Ds is a central element in W ⊕
(∇,ψ) L˜.
Proof. Let u := (w, x) ∈ W ⊕ L˜. We get since D′ and D are central elements the
following calculation:
[(w, x), D1 − s(D), D)] :=
([w,D1]−[w, s(D)]+[s(x), D1]−[s(x), s(D)]−[s(D), w]+[s(x), s(D)]−s([x,D]), [x,D])
(−[w, s(D)] − [s(x), s(D)] − [s(D), w] + [s(x), s(D)], 0) = 0
hence Ds ∈ Z(W ⊕
(∇,ψ) L˜. The Lemma follows. 
Lemma 3.19. Let (W, [, ]) be an A-Lie algebra and A⊗k A-module with aw = wa
for all a ∈ A,w ∈W . Let (L˜, α˜, p˜i, [, ], D) be a D-Lie algebra. Assume we are given
a connection ∇ : L˜→ Derk(W ) and a 2-cocycle ψ : ∧
2L˜→W such that W⊕(∇,ψ) L˜
is an A/k-Lie-Rinehart algebra extension of L˜ by (W, [, ]). Consider the extension
of A/k-Lie-Rinehart algebras
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0→W →i W ⊕(∇,ψ) L˜→p L˜→ 0
where i(w) := (w, 0) and p(w, x) := x. The left A-module W ⊕ L˜ has a right
A-module structure and a central element Ds := (w1, w2) ∈ Z(W ⊕
(∇,ψ) L˜) with
the property that
0→i W ⊕(∇,ψ) L˜→p L˜→ 0
is an extension of D-Lie algebras if the following holds: Let Ds := (w˜,D) where
w˜ ∈ W be an element satisfying
ψ(D,−) = d0∇(w˜)(3.19.1)
∇(D) = ad(−w˜).(3.19.2)
For any element u := (w, x) ∈ W ⊕ L˜ and c ∈ A we define the following right
A-module structure:
uc := (w, x)c := (wc+ pi(x)(c)w˜, xc).(3.19.3)
Proof. Let u := (w, x), u′ := (v, y) ∈ W ⊕ L˜ and let c ∈ A. we want to define a
right action
uc := (w, x)c = (φ1(w, x, c), φ2(w, x, c))
with the property that i and p are right A-linear. It follows the maps φ1, φ2 must
look as follows: φ1(w, x, c) = wc + φ(x, c) and φ2(w, x, c) = xc. The map φ must
be a map
φ : L˜×A→W
and it must be left A-linear in the L˜-variable, left k-linear in the A-variable. More-
over for any pair of elements c, c′ ∈ A we must have
φ(x, cc′) = φ(xc, c′) + φ(x, c)c′.
Assume Ds is a central element in W ⊕ L˜ with p(Ds) = D. It follows Ds = (w˜,D)
and Ds is central if and only if equations 3.19.1 and 3.19.2 hold. we want the
following equation to hold for u, c:
uc := (wc + φ(x, c), xc) = cu+ p˜i(u)(c)Ds = cu+ p˜i(u)(c)(w˜,D).
It follows we must define φ(x, c) := p˜i(x)(c)w˜ ∈W . The Lemma follows. 
Definition 3.20. A triple of elements (∇, ψ, w) where (∇, ψ) satisfy condition A
and w ∈W satisfy 3.19.1 and 3.19.2 is said to satisfy condition B.
Let (L˜, α˜, p˜i, [, ], D) be a D-Lie algebra and let (W, [, ]) be an A-Lie algebra and
A ⊗k A-module with aw = wa for all a ∈ A and w ∈ W . Assume (∇, ψ) is a pair
consisting of a connection ∇ : L˜→ Derk(W ) and ψ : ∧
2L˜→W satisfying condition
A.
It follows from Proposition 2.3 thatW⊕(∇,ψ) L˜ is an A/k-Lie-Rinehart extension
of L˜ by W . Let S(L˜, (W, [, ])) be the set of triples (∇, ψ, w˜) satisfying condition
B. Define the following relation on the set S(L˜, (W, [, ])): Given two triples s :=
(∇, ψ, w˜), s′ := (∇′, ψ′, w˜′). We say s ≡ s′ if and only if there is a map b ∈
HomA(L˜,W ) with the property that
∇′(x) = ∇(x) + [b(x),−]
ψ′(x, y) = ψ(x, y) + d1∇(b)(x, y) + [b(x), b(y)]
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and
w˜′ = w˜ − b(D)
where D ∈ Z(L˜) is the canonical central element.
Lemma 3.21. The relation ≡ on S(L˜, (W, [, ])) is an equivalence relation.
Proof. Let b = 0 It follows
∇(x) = ∇(x) + [b(x),−]
ψ(x, y) = ψ(x, y) + d1
∇
(b)(x, y) + [b(x), b(y)]
and
w˜ = w˜ − b(D)
hence if s := (∇, ψ, w˜) it follows s ≡ s.
Assume s′ := (∇′, ψ′, w˜′) is another element with s ≡ s′ via an element b ∈
HomA(L˜,W ). We get the following calculation:
∇(x) = ∇′(x)− [b(x),−]
hence if we let a := −b we get
∇(x) = ∇′(x) + [a(x),−].
We get
ψ(x, y) + d1
∇
(b)(x, y) + [b(x), b(y)] =
ψ(x, y) +∇(x)(b(y)) −∇(y)(b(x)) − b([x, y]) + [b(x), b(y)] =
ψ(x, y)+∇′(x)(b(y))+[a(x), b(y)]−∇′(y)(b(x))−[a(y), b(y)]−b([x, y])+[b(x), b(y)] =
ψ(x, y)− (∇′(x)(a(y)) −∇′(y)(a(x))a([x, y])) − [b(x), b(y)] =
ψ(x, y) − d1
∇′
(a)(x, y)− [a(x), a(y)].
Hence we get
ψ′(x, y) = ψ(x, y)− d1∇′(a)(x, y) − [a(x), a(y)]
and it follows
ψ(x, y) = ψ′(x, y) + d1
∇′
(a)(x, y) + [a(x), a(y)].
Since w˜′ = w˜ − b(D) it follows
w˜ = w˜′ + b(D) = w˜′ − a(D)
and we have shown that s′ ≡ s and the relation is symmetric. Assume s′′ :=
(∇′′, ψ′′, w˜′′) and s ≡ s′ via an element b ∈ HomA(L˜,W ). Moreover s
′ ≡ s′′ via an
element a ∈ HomA(L˜,W ). It follows from Lemma (...) there is an equality
∇′′(x) = ∇(x) + [(a+ b)(x),−]
and
ψ′′(x, y) = ψ(x, y) + d1
∇
(a+ b)(x, y) + [(a+ b)(x), (a + b)(y)].
We get
w˜′′ = w˜′ − a(D) = w˜ − b(D)− a(D) = w˜ − (a+ b)(D)
hence s ≡ s′′. The relation is an equivalence relation and the Lemma is proved. 
Definition 3.22. Let for a D-Lie algebra (L˜, α˜, p˜i, [, ], D) and A-Lie algebra (W, [, ])
with aw = wa for all a ∈ A and w ∈W
ext1(L˜, (W, [, ])) := S(L˜, (W, [, ]))/ ≡
where ≡ is the equivalence relation from Lemma 3.21.
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Note: Every element in S(L˜, (W, [, ])) may be represented by a triple (∇, ψ, w)
satisfying condition B.
Lemma 3.23. Fix a D-Lie algebra (L˜, α˜, p˜i, [, ], D) and an A-Lie algebra (W, [, ])
with aw = wa for all a ∈ A and w ∈ W . Let s := (∇, ψ, w˜) be a triple satisyfing
condition B. Let W ⊕(∇,ψ) L˜ be the A/k-Lie-Rinehart algebra induced by the pair
(∇, ψ). Define Ds := (w˜,D) ∈ W⊕L˜ and make for any element u := (w, x) ∈ W⊕L˜
and c ∈ A the follwing definition:
uc := (w, x)c := (wc+ p˜i(x)(c)w˜, xc).
Define the map
α˜s :W ⊕
(∇,ψ) L˜→ D1(A, f)
by
α˜s(w, x) := α˜(x)
and
p˜is : W ⊕
(∇,ψ) L˜→ Derk(A)
by
p˜is(w, x) := p˜i(x).
It follows the 5-tuple (W ⊕(∇,ψ) L˜, α˜s, p˜is, [, ], Ds) is a D-Lie algebra. The canonical
maps
0→W →W ⊕(∇,ψ) L˜→ L˜→ 0
is an extension of D-Lie algebras.
Proof. The left A-module W ⊕(∇,ψ) L˜ is an A/k-Lie-Rinehart algebra by Lemma
2.3 and the canonical sequence
0→W →W (∇,ψ)L˜→ L˜→ 0
is an extension of the A/k-Lie-Rinehart algebra L˜ by the A-Lie algebra (W, [, ]).
Define the following element Ds := (w˜,D) ∈ W ⊕ L˜. We get for any element
(w, x) ∈ W ⊕ L˜
[(w˜,D), (w, x)] := ([w˜, w] +∇(D)(w) −∇(x)(w˜) + ψ(D, x), 0)
And since
ψ(D, x) = ∇(x)(w˜) and ∇(D)(w) = [−w˜, w]
it follows
[(w˜,D), (w, x)] = 0
hence Ds is a central element in W ⊕ L˜. Define for any u := (w, x) ∈W ⊕ L˜ and
c ∈ A the following:
uc := (w, x)c := (wc+ pi(x)(c)w˜, xc).
Since pi(x) is a k-derivation it follows this defined a right A-module structure on
W ⊕ L˜ such that for any a, b ∈ A and u ∈ W ⊕ L˜ we have (au)b = a(ub). Hence
W ⊕ L˜ becomes an A⊗k A-module. We get
uc := (w, x)c := (wc+pi(x)(c)w˜, cx+pi(x)(c)D) = c(w, x)+pi(x)(c)(w˜,D) = cu+pis(u)Ds
hence
uc = cu+ pis(u)(c)Ds.
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One checks that the maps
α˜s :W ⊕
(∇,ψ) L˜→ D1(A, f)
by
α˜s(w, x) := α˜(x)
and
p˜is : W ⊕
(∇,ψ) L˜→ Derk(A)
by
p˜is(w, x) := p˜i(x)
areA⊗kA-linear and maps of k-Lie algebras hence the 5-tuple (W⊕
(∇,ψ)L˜, α˜s, p˜is, [, ], Ds)
is a D-Lie algebra. The sequence
0→W →W ⊕(∇,ψ) L˜→ L˜→ 0
is an extension of L˜ by W and the Lemma follows. 
Fix an A-Lie algebra and A ⊗k A-module (W, [, ]) with aw = wa for all a ∈ A
and w ∈ W , and a D-Lie algebra (L˜, α˜, p˜i, [, ], D). Let T (L˜, (W, [, ])) denote the set
of exact sequences of D-Lie algebras
0→W → L˜1 → L˜→ 0
and define two extensions p1 : L˜1 → L˜ and p2 : L˜2 → L˜ to be equivalent if and
only if there is an isomorphism ρ : L˜1 → L˜2 of D-Lie algebras making all diagrams
commute. Write (L˜1, p1) ≡ (L˜2, p2). Since W = ker(p1) = ker(p2) we drop W
from the notation. It follows ≡ is an equivalence relation on T (L˜, (W, [, ])).
Definition 3.24. Let Ext1(L˜, (W, [, ])) denote the quotient set T (L˜, (W, [, ]))/ ≡.
Theorem 3.25. Let (L˜, p˜i, p˜i, [, ], D) be a D-Lie algebra where L is projective as
left A-module and let (W, [, ]) be an A-Lie algebra with aw = wa for all a ∈ A and
w ∈ W . Given a surjective map p : L˜′ → L˜ of D-Lie algebras with left A-linear
section s and define the connection ∇s : L˜ → Derk(W ) by ∇s(x) := [s(x),−] and
2-cocycle ψs : ∧
2L˜ → W by ψs(x, y) := [s(x), s(y)] − s([x, y]). Define the element
ws := D
′−s(D) ∈ W where D′ ∈ Z(L˜′) is the central element. Define the following
map
F : Ext1(L˜, (W, [, ]))→ ext1(L˜, (W, [, ]))
by
F (p : L˜′ → L˜) := (∇s, ψs, ws).
The map F is a well defined one-to-one correspondence of sets.
Proof. Assume p : L˜′ → L˜ is a surjective map of D-Lie algebras with splitting as
left A-modules s. Let F (L˜′) := (∇s, ψs, ws). Assume s
′ := s+ b is another splitting
with b ∈ HomA(L˜,W ). It follows
∇s′(x) = ∇s(x) + [b(x),−]
ψs′(x, y) = ψs(x, y) + d
1
∇
(x, y) + [b(x), b(y)]
and
ws′ = Ds − s
′(D) := Ds − s(D)− b(D) = ws − b(D)
hence
(∇s, ψs, ws) ≡ (∇s′ , ψs′ , ws′)
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and F is a well defined map of sets. Assume p1 : L˜1 → L˜ and p2 : L˜2 → L˜ are two
surjective maps of D-Lie algebras with
F (L˜1) = F (L˜2).
It follows there is an element b ∈ HomA(L˜,W ) with
∇s′(x) = ∇s(x) + [b(x),−]
ψs′(x, y) = ψs(x, y) + d
1
∇
(x, y) + [b(x), b(y)]
and
ws′ = ws − b(D).
It follows there is an isomorphism
ρ :W ⊕(∇s′ ,ψs′) L˜ ∼=W ⊕(∇s,ψs) L˜
of D-Lie algebras inducing an isomorphism ρ˜ : L˜1 → L˜2 of extensions of L˜. It
follows F is an injective map. Let s := (∇, ψ, w) ∈ S(L˜, (W, [, ])) be an element
and define the D-Lie algebra W ⊕(∇,ψ) L˜, α˜s, p˜is, [, ], Ds) where Ds := (w,D) as in
Lemma 3.23. The canonical map
p :W ⊕(∇s,ψs) L˜→ L˜
is a surjective map of left A-modules and since L˜ is projective it follows there is a
left A-linear section t of p with t(x) := (b(x), x) where b ∈ HomA(L˜,W ). We get
∇t(x) = ∇(x) + [b(x),−]
ψt(x, y) = ψ(x, y) + d
1
∇(b)(x, y) + [b(x), b(y)]
and
wt = w − b(D)
hence
(∇, ψ, w) ≡ (∇t, ψt, wt)
and the map F is surjective. The Theorem is proved. 
Example 3.26. The D-Lie algebra associated to a connection.
Let (L, α) be an A/k-Lie-Rinehart algebra and let ρ : L → Endk(E) be a con-
nection. Assume E is a finitely generated and projective A-module of rank r where
the characteristic of k does not divide r.
There is a canonical isomorphism of left A-modules
f : E∗ ⊗A E → EndA(E)
defined by
f(φ⊗ e)(x) := φ(x)e.
There is an A-linear trace map
tr : E∗ ⊗A E → A
defined by
tr(φ ⊗ e) := φ(e).
Let ρ˜ : L → Derk(EndA(E)) be defined by ρ˜(x)(φ) := [ρ(x), φ]. The connection ρ˜
is the tensor product of ρ∗ and ρ.
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Lemma 3.27. Let EndA(E)
tr be the A-module of endomorphisms φ with tr(φ) = 0.
Let EndtrA (E) := EndA(E)/EndA(E)
tr. The following holds: For any element
φ ∈ EndA(E) and x ∈ L we get
tr(ρ˜(x)(φ)) = α(x)(tr(φ))(3.27.1)
If tr(φ) = 0 it follows tr(ρ˜(x)(φ)) = 0.(3.27.2)
tr([φ, ψ]) = 0(3.27.3)
EndA(E)
tr is an A-module and A-Lie algebra(3.27.4)
There is a connection ρtr : L→ Derk(End
tr
A (E))(3.27.5)
Rρtr (x, y)(φ) = [Rρ(x, y), φ](3.27.6)
Proof. For an element φ ∈ HomA(E,A) we defined the dual connection ∇
∗ as
follows:
ρ∗(x)(φ) := α(x) ◦ φ− φ ◦ ρ(x).
we get if φ :=
∑
i φi ⊗ ei ∈ E
∗ ⊗A E the following calculation:
tr(ρ˜(x)(φ)) = tr(
∑
i
ρ∗(φi)⊗ ei + φi ⊗ ρ(x)(ei)) =
tr(
∑
i
(α(x) ◦ φi − φi ◦ ρ(x))⊗ ei + φi ⊗ ρ(x)(ei)) =
∑
i
α(x)(φi(ei))− φi(ρ(x)(ei)) + φi(ρ(x)(ei)) =
∑
i
α(x)(φi(ei)) = α(x)(
∑
i
φi(ei)) = α(x)(tr(φ)).
It follows 3.27.1 is proved. If tr(φ) = 0 it follows tr(ρ˜(x)(φ)) = α(x)(tr(φ)) =
x(0) = 0 hence 3.27.2 is proved. If φ :=
∑
φi ⊗ ei and ψ :=
∑
ψj ⊗ fj in E
∗ ⊗A E
we get
φ ◦ ψ :=
∑
φi ⊗ ψj(ei)fj
hence
tr(φ ◦ ψ) =
∑
φi(fj)ψj(ei).
Similarly we get
tr(ψ ◦ φ) = tr(
∑
ψj ⊗ φi(fj)ei) =
∑
ψj(ei)φi(fj)
hence
tr(φ ◦ ψ) = tr(ψ ◦ φ).
It follows tr([φ, ψ]) = 0 and 3.27.3 is proved. Claim 3.27.4 follows from 3.27.3. We
get a well defined connection
ρtr : L→ Derk(End
tr
A (E))
with
Rρtr (x, y)(φ) = [Rρ(x, y), φ]
and the Lemma follows. 
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From Lemma 3.27, Claim 3.27.5 and 3.27.6 we may define the Lie-Rinehart
algebra End(L,E) := EndtrA (E) ⊕ L with the following Lie product: Let u :=
(φ, x), v := (ψ, y) ∈ End(L,E) and define
[u, v] := ([φ, ψ] + ρ˜(x)(ψ) − ρ˜(y)(φ) +Rρ(x, y), [x, y]).
Here
Rρ(x, y) := [ρ(x), ρ(y)]− ρ([x, y]) ∈ EndA(E).
The Lie product is well defined on EndtrA (E) from Lemma 3.27, claim 3.27.4. Define
the map
β : End(L,E)→ Derk(A)
by
β(φ, x) := α(x).
It follows the pair
(End(L,E), β)
is an A/k-Lie-Rinehart algebra with the following left A-module structure: Let
c ∈ A and define the following left A-module structure on End(L,E):
cu := c(φ, x) := (cφ, cx)
Define the following right A-module struture:
c := (φ, x)c := (φc+ α(x)(c)I, cx)
where I := IdE ∈ EndA(E). One checks the multiplication is well defined. Let
D := (I, 0) ∈ End(L,E). It follows D ∈ Center(End(L,E)) is a central element
with the following property:
uc = (φ, x)c = (φc+ α(x)(c)I, cx) = c(φ, x) + α(x)(c)(I, 0) = cu+ α(x)(c)D.
It follows
uc = cu+ β(u)(c)D
for all u ∈ End(L,E) and c ∈ A. Since End(L,E) is a Lie-Rinehart algebra it
follows
[u, cv] = c[u, v] + β(u)(c)v
for all u, v ∈ End(L,E) and c ∈ A. Hence End(L,E) is an A⊗k A-module, a k-Lie
algebra and the map β is a map of A⊗k A-modules and k-Lie algebras. It follows
the 4-tuple (End(L,E), β, [, ], D) is a pre-D-Lie algebra.
The curvature Rρ ∈ Z
2(L,EndA(E)) and since E is projective of rank r it follows
the trace f := tr(Rρ) ∈ Z
2(L,A). Hence we may define the k-Lie algebra L(f)
associated to the 2-cocycle f := tr(Rρ).
Note: We define the central element z in L(f) as follows: z := (r, 0) = r(1, 0) in
L(f).
We define the following left and right A-module structure on L(f). Let u :=
(a, x) ∈ L(f) and let c ∈ A:
cu = c(a, x) := (ca, cx)
and
uc = (a, x)c := (ac+ α(x)(a)r, cx).
It follows
uc = (ac+ α(x)(c)r, cx) = c(a, x) + α(x)(c)(r, 0)
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hence
uc = cu+ αf (u)(c)z
where αf : L(f)→ Derk(A) is the canonical projection map. It follows the 4-tuple
(L(f), αf , [, ], z)
is a pre-D-Lie algebra. define the map
γ : End(L,E)→ L(f)
by
γ(φ, x) := (tr(φ), x).
Note: The A-Lie algebra EndtrA (E) satisfies aφ = φa for all φ ∈ End
tr
A (E) and
a ∈ A.
Theorem 3.28. The 4-tuple (End(L,E), β, [, ], D) is a pre-D-Lie algebra. If k
contains a field of characteristic zero it follows the sequence
0→ EndtrA (E)→ End(L,E)→ L(f)→ 0
is a non-abelian extension of pre-D-Lie algebras of L(f) with the A-Lie algebra
(EndtrA (E), [, ]).
Proof. The left A-module End(L,E) is an A/k-Lie-Rinehart algebra by section one
of this paper. We define D := (I, 0) and it follows D is a central element. we see
that γ(I, 0) = (tr(I), 0) = (r, 0) = z ∈ D which is the central element in D. It
follows β(D) = 0 in Derk(A). We get
uc = cu+ β(u)(c)D
for all u ∈ End(L,E) and c ∈ A. Since End(L,E) is a Lie-Rinehart algebra it
follows
[u, cv] = c[u, v] + beta(u)(c)v
for all u, v ∈ End(L,E) and c ∈ A. The map
γ : End(L,E)→ L(f)
is by definition a map of A ⊗k A-modules. Assume u := (φ, x), v := (ψ, y) ∈
End(L,E). We get from Lemma 3.27
γ([u, v]) = γ([φ, ψ] + ρ˜(x)(ψ) − ρ˜(y)(φ) +Rρ(x, y), [x, y]) =
(tr([φ, ψ]) + tr(ρ˜(x)(ψ)) − tr(ρ˜(y)(φ)) + tr(Rρ(x, y)), [x, y]) =
(β(x)(tr(ψ)) − β(y)(tr(φ)) + tr(Rρ(x, y)), [x, y]) =
[(tr(φ), x), (tr(ψ), y)] = [γ(u), γ(v)]
hence the map γ is a map of k-Lie algebras. It follows γ and β are maps of A⊗kA-
modules and k-Lie algebras. If k contains a field of characteristic zero it follows the
canonical sequence
0→ EndtrA (E)→ End(L,E)→ L(f)→ 0
is an exact sequence of left and right A-modules and the Proposition follows. 
Hence extensions of pre-D-Lie algebras and D-Lie algebras arise in a natural way
when we study classical connections as Theorem 3.28 shows.
Acknowledgements. Thanks to Pierre Deligne and Marat Rovinsky for com-
ments on an earlier version of this paper and families of connections.
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